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This work focuses on investigating the behavior of the orbit transfer switching function for the two-body problem.

Recent work indicated that use of an analytical expression for the switching function could significantly reduce the

computational time required to determinewhen to end coast arcs during trajectory optimization. This analysis of the

switching function begins by showing how the primer vector and switching function in various coordinate systems

are related, and two representative systems are considered for the remaining analysis.Given thatmultiple harmonics

are manifest simultaneously in the switching function during coast arcs, some possible behaviors of such functions

are considered relative to finding bounds containing the desired coast-terminating zero. It is seen that the method

proposed in recent work can fail. A relatively simple improvement involving the slope of the switching function at the

sampled points is used to make themethodmore robust and enable the production of example optimal solutions that

would not have been possible with the earlier method. In terms of the two chosen systems, analytical expressions for

the switching function and its derivative during coasting as well as transformationmatrices that relate the systems to

each other are therefore presented in Appendices A, B, and C.

Introduction

I N SOMEmission scenarios, the assumption of Keplarian motion
is sufficient during the early planning and optimization stage,

and many spacecraft trajectory optimization software packages
employ this relatively simple model of the two-body problem to
speed up this initial process. Likewise, assuming Keplarian motion,
former work has yielded analytical equations for the orbit transfer
optimization costates during coast arcs [1,2]. Use of these analytic
expressions as well as analytic equations for the states eliminates
the inaccuracies and associated problem sensitivity that would
otherwise be introduced by propagating the state and costate
equations numerically. Also, the exact equations for the costates can
be applied to the switching function (SF) to obtain an analytic
expression for it during coasting arcs. Such an expression can be
useful for accurate determination of coast-terminating switching
times (zeros) and the associated states and costates in initial orbit
planning software.

Given the complicated transcendental nature of the equation for
the SF during coast arcs, solutions for its zeros are obtained by
iterative methods. In such a process, it is critical to find the particular
zero that terminates the given coast arc or, in other words, the first
zero after the coast arc begins. Finding this coast-terminating zero
(CTZ) is complicated by the fact that the equation for the SF during
coasting can have multiple zeros over a single revolution, and these
may even be arbitrarily close to each other. In an effort to take
advantage of the analytic expression for the SF and thus reduce the
computation time required for coast arcs, recent work by Xu [3]
examined the analytic expression for the SF during coasting and
determinedwhatwas called itsmaximum frequency. In thatwork, the
results of the maximum frequency analysis were used to specify a
fixed step size in an algorithm that would determine a set of bounds
that would allegedly contain only theCTZ and no extraneous zeros of

the SF. If correctly determined, such a set of bounds could then be
provided to a zero finding algorithm (ZFA) to quickly and accurately
determine the CTZ. For the two optimal orbit transfer cases
considered in that work, it was reported that the computational time
for the coast arcs with the proposed algorithm was 2.5 and 3.8% of
the time required by a method that numerically propagated the
trajectory during the coast arcs. Although the reported computational
savings were significant, it is seen in this work that the method
proposed therein can fail. This work reinvestigates the SF and
presents an improvement that makes the method more robust.

Coordinate Systems and Optimal Control Theory

Two different coordinate systems will be used in this work. The
first one uses the set of modified equinoctial orbit elements (MEOE)
developed by Broucke and Cefola [4]. In terms of the classical orbit
elements, semimajor axis a, eccentricity e, inclination i, longitude of
the ascending node�, argument of periapse !, and the true anomaly
�, these elements describe the orbit by the semilatus rectum:

p� a�1 � e2� (1)

as well as by

f� e cos�!��� (2)

g� e sin�!��� (3)

h� tan�i=2� cos� (4)

k� tan�i=2� sin� (5)

and

L� ���� ! (6)

where L is the true longitude. Thus, in the MEOE system, xL �
�p f g h k L �T will denote the state vector. Some benefits
of the MEOE system are that the elements are free of singularities
(except in the case where inclination i� �, which could be handled
by a redefinition) and are also valid for parabolic and hyperbolic
orbits. Equations ofmotion in this systemwere derived and tested for
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a perturbation analysis of a highly eccentric orbit byWalker et al. [5].
The differential equations for the costates for this system were
derived by Gao and Kluever [6], who used these coordinates for
interplanetary trajectory optimization with a hybrid trajectory opti-
mization method. These elements have also been successfully
applied in other works [7].

The second coordinate system that will be used in this work is an
eccentric longitude (EL) formulation that has been developed and
tested by Kechichian [8]. In this system, which, for the captured
orbits (e < 1) that will be studied here, is likewise free of sin-
gularities, the orbit size is defined in terms ofa instead ofp. The other
orbit defining parameters are f, g, h, and k as defined in Eqs. (2–5).
Finally, the fast variable is the eccentric longitude

F� E��� ! (7)

whereE is the eccentric anomaly. Thus, the vector of states in the EL
system will be denoted xF � � a f g h k F �T .

The relationships between the elements of the two coordinate
systems are given by Eq. (1) and the fact that [9]

tan
E

2
�

������������
1 � e
1� e

r
tan
�

2
(8)

where e�
����������������
f2 � g2

p
, which can be seen from Eqs. (2) and (3).

With the subscript A indicating that the quantity is in reference to
some applicable coordinate system A (and similarly in the next
section forB), denote the states by xA. The time rate of change of the
states and the massm of the spacecraft can be stated conveniently by
the expressions

_x A �MA

�
T

m
�

�
�DA (9)

_m�� T

gIsp
(10)

where DA is a vector that gives the time rate of change of the states
due to gravity, and MA is a matrix that determines how the states
change due to the thrust acceleration vector �T=m��, where T is the
magnitude of the thrust and� is a unit vector pointing in the direction
of the thrust acceleration.

The Hamiltonian plays an important role in formulating the
optimal control problem and can be expressed as

H � �TAMA

T

m
�� �TADA � �m

T

gIsp
(11)

where �A is a vector of costates corresponding to the states xA, and
�m is the mass costate. For the MEOE system, the costates are
denoted as �L � ��Lp �Lf �Lg �Lh �Lk �LL �T and, for the EL

system, they are denoted as �F � ��Fa �Ff �Fg �Fh �Fk �FF �T ,
where, as in [8], the superscript on individual costates is used to
clarify which coordinate system it belongs to, because, for example,
�Lf is, in general, not equal to �Ff . Once the Hamiltonian has been

formed, the costates of the optimal control problem [10] are given by

_� A ��
�
@H

@xA

�
T

��
�
�TA
@MA

@xA

T

m
�� �TA

@DA

@xA

�
T

(12)

_�m ��
@H

@m
� �TAMA

T

m2
� (13)

where boundary conditions are given in [10].
In the optimal control problem, it is desired to minimize the

Hamiltonian with respect to all controls at all times. In doing this,
first, the Pontryagin minimum principle is used such that the
Hamiltonian is minimized with respect to the control angle by align-
ing it parallel to and in the opposite direction of�TAMA. Thus, because

� is a unit vector, using the superscript � to indicate optimality, the
optimal steering is given by

� � � � ��
T
AMA�T
k�TAMAk

(14)

Applying Eq. (14) to Eq. (11), the Hamiltonian is then written as

H ��k�TAMAk
T

m
� �TADA � �m

T

gIsp
(15)

Now, to minimize the Hamiltonian with respect to all controls at all
times, and because it is linear with respect to thrust magnitude, this
minimization can be accomplished by forming the SF as

S�� @H
@T
� k�

T
AMAk
m

� �m
gIsp

(16)

and assuming there are no singular arcs (where S� 0 for finite time),
requiring

T � 0 if S < 0

T � Tmax if S > 0
(17)

The case when S� 0 for finite time is not considered. Thus, the
Hamiltonian could be rewritten as

H ��ST � �TADA (18)

which clearly shows that the Hamiltonian is minimized if the
conditions given by Eq. (17) are true.

Noting [fromEqs. (10) and (13)] that themass andmass costate are
both constant during coasting, and because it will be used later, the
derivative of the SF during coasting is derived here as

S0 � ��
T
AMA�0��TAMA�T
mk�TAMAk

(19)

where the prime (0) notation indicates differentiation with respect to
a specified fast variable. Note that, in addition to the application
discussed later in this work, this derivative may be required in some
ZFAs.

Coordinate Transformations and
the Switching Function

It seems readily apparent that the times associatedwith the zeros of
the SF expressed in one coordinate system will be the same as the
times associated with the zeros of the SF expressed in any other
coordinate system. However, because it is desirable to quickly and
accurately determine the zeros of the SF, it will be advantageous to
know more about the SF and to better understand its behavior. For
example, it would be significant to know if the choice of coordinate
systemwill change the nonzero behavior of the SF, particularly if that
choice might give advantages (or disadvantages) in the zero search
procedure. The question of how the chosen coordinate system will
affect the behavior of the SF will therefore be addressed in this
section. It will first be shown that, for this optimal control formu-
lation, the value of the Hamiltonian [as represented by Eqs. (15) or
(18)] is independent of the coordinate systemused, fromwhich it will
follow that the SF has the same property. Then, because the SF may
be written explicitly as a function of the angular position during
coasting, a discussion about how various coordinate systems may
result in equivalent zero search procedures will follow. From this
discussion, it will become reasonable to reduce the number of coor-
dinate systems that will be considered to two.

To show that the Hamiltonian at any given instant does not depend
on the coordinate system chosen,first note that the term involving the
mass costate does not depend on the coordinate system. To see that
the other two terms in Eq. (15) are also independent of the coordinate
system, first note the following relationship between time rates of
change of the states of coordinate systemsA andB, as specified by the
chain rule and Eq. (9):
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_x A �
dxA
dt
� @xA
@xB

dxB
dt
�RAB

�
MB

T

m
��DB

�
�MA

T

m
��DA

(20)

where RAB is a Jacobian transformation matrix and is defined as

R AB 	
@xA
@xB
�

@xA;1
@xB;1


 
 
 @xA;1
@xB;n

..

. . .
. ..

.

@xA;n
@xB;1


 
 
 @xA;n
@xB;n

2
664

3
775 (21)

where n is the number of coordinates (which is generally six, but
could be four in the case of coplanar transfers). Note from Eq. (20)
that premultiplying the equations of motion of coordinate system B
by RAB transforms them into the equations of motion of coordinate
system A, as expressed by

_x A �RAB _xB (22)

Setting T � 0 in Eq. (20), it is obvious that

R ABDB �DA ) DB �R�1ABDA (23)

as long as the transformation matrix has full rank. Furthermore, by
interchanging subscripts in Eq. (20), notice that

R AB �R�1BA (24)

Using the result of Eq. (23), it is seen from Eq. (20) that

RAB

�
MB

T

m
��DB

�
�RAB

�
MB

T

m
�

�
�DA �MA

T

m
��DA

) RABMB �MA (25)

Using this result, the interpretation of the Lagrange multipliers, and
the chain rule,

� T
AMA � �TARABMB �

@J�

@xA

@xA
@xB

MB �
@J�

@xB
MB � �TBMB (26)

where J� is the optimal final cost. Notice from Eqs. (9) and (11) that,
in the case where the states are the radius and velocity vectors,
�TAMA � �v, the velocity costate vector, the negative of which
Lawden [11] referred to as the primer vector. Thus, from Eq. (26),
�TAMA is the negative of the primer vector, and its magnitude and
direction do not depend on the coordinate system. Now, in a similar
manner as in Eq. (26),

� T
ADA � �TARABDB � �TBDB (27)

Thus, by substituting Eqs. (26) and (27) into Eq. (15), it becomes
apparent that the value of the Hamiltonian at any given instant is
independent of the coordinate system used. Because the SF [as
written in Eq. (16)] is simply the negative of the derivative of the
Hamiltonian with respect to the thrust magnitude, it follows that the
value of the SF is also independent of the coordinate system. Also
note that, because the primer vector is independent of the coordinate
system chosen, applying Eq. (26) directly to Eq. (16) would provide
an alternate proof of the same result.

Note from Eqs. (26) and (27) and that premultiplying the vector of
costates in coordinate system B by RT

BA transforms them into the
costates in coordinate system A, as expressed by

� A �RT
BA�B (28)

analogous to Eq. (22). Equation (28) can be helpful when costates are
given relative to one coordinate system and are needed in another. An
equivalent method for relating costates of different coordinate
systems was used by Kechichian [8], and, in practice, could be used
instead of Eq. (28) to transform the costates [because, in this work,
the transformation matrices as derived will not be used to transform
the equations of motion, as in Eq. (22)]. However, the derivation as it

has been done earlier is helpful in this case because of the results
expressed in Eqs. (26) and (27) and those discussed in the remainder
of the paragraph following Eq. (27). Also, note that the results to this
point are valid for both burn arcs and coast arcs. The transformation
matrices between the MEOE and EL systems are presented in
Appendix A. Also, for the MEOE system, the elements of ML and
DL are given in Appendix B, and, for the EL system, the elements of
MF and DF are given in Appendix C.

Before proceeding further relative to the SF and the coordinate
system in which it is expressed, note that analytical equations in
many coordinate systems (such as the Cartesian system) are usually
given in terms of orbit elements (such as true anomaly). Furthermore,
as noted by Kechichian [8], casting the trajectory optimization
problem in an orbital element variational formulation is convenient
because the boundary conditions are often given in these terms.
For this reason, this study will employ orbital element variational
coordinate systems.

There are many orbital element coordinate systems for which the
variational equations have been derived. These either use classical
elements or equinoctial formulations that eliminate singularities.
Whereas the sixth element of the variational equations may take one
of many forms, such as the mean, true, or eccentric anomaly or the
corresponding longitudes, the variable on the right-hand side of the
differential equations must be the true anomaly, eccentric anomaly,
true longitude, or eccentric longitude [8]. Thus, casting the equations
of motion in terms of mean anomaly, mean longitude, or time would
require the extra step of solving Kepler’s equation for the angular
position. Casting the equations in terms of the true or eccentric
anomaly or longitude has the benefit that, during coasting, the SF can
be written as an explicit function of that angular fast variable,
allowing for direct computation of the SF, with the corresponding
time being analytically calculated from Kepler’s equation as needed.
For these reasons, only coordinate systems that use true or eccentric
fast variables (anomaly and longitude)will be employed in thiswork.

Now, although it has been shown that the value of the SF at a given
time will not depend on the coordinate system chosen, this does not
mean that all coordinate systems will result in equivalent zero search
procedures. This is because, for noncircular orbits, the rate of change
for true fast variables is not equal to the rate of change in eccentric fast
variables, corresponding to the fact that eccentric fast variables lag
true fast variables as the spacecraft travels from periapse to apoapse
and lead them as the spacecraft travels from apoapse to periapse.
Furthermore, this means that the slope of the SF (as well as higher-
order derivatives) with respect to true fast variables will not be
identical to that for eccentric fast variables, resulting in different zero
search procedures either by a particular bounds searchmethodwith a
fixed step size or within a particular ZFA.

However, from Eqs. (6) and (7), it can be seen that during coasting
there is a linear relationship between each anomaly and the cor-
responding longitude because! and� are constants underKeplarian
motion. If the anomaly (e.g., true or eccentric) is denoted � and the
corresponding longitude is denoted

� � ���� ! (29)

the SF as a function of the longitude can be denoted by
S��� � S����� !�. Thus, the SF in terms of the longitude is
simply translated along the abscissa an amount�� ! relative to the
SF in terms of the anomaly. Furthermore, because � and ! are
constants during coasting,

d � � d� (30)

from which it follows that rates of change of the anomaly and the
longitude are equal. Another way of saying this is that the shape of
the plot of the SF during coasting is the same in terms of either the
anomaly or the corresponding longitude and the only difference is the
positioning along the abscissa. Thus, the bounds search procedure
beginning at the initial � or the corresponding � will be the same for a
coordinate system given in terms of either the anomaly or the lon-
gitude as long as the sampling rate is the same. Furthermore, the
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preceding facts mean that, within any given ZFA, the search
procedure for the two coordinate systems represented by � and �
will be identical as long as the corresponding bounds and the
corresponding initial values of anomaly and longitude are used.

From the preceding results it is sensible to reduce the number of
coordinate systems studied to two. In summation, the reasons for
choosing the MEOE and EL systems for this work are that 1) the SF
can be written explicitly in terms of the fast variable of either system
and these systems do not require the solution of Kepler’s equation for
the angular position, 2) both are free of singularities that exist in other
coordinate systems, 3) both are given in terms of orbital elements,
which makes the boundary conditions easy to define, and 4) all other
coordinate systems that employ a true or eccentric fast variable will
result in equivalent zero search procedures as the MEOE and EL
systems, respectively.

With the preceding in mind, it is worthwhile to note that, in the
work by Xu [3] (which will be further considered in the remainder of
this work), the SF was cast in terms of the velocity costate vector (the
negative of the primer vector) with terms written as functions of true
anomaly. Therefore, the SF as written in that work is essentially
equivalent to the SFwritten in this work in terms ofMEOE variables.

Analysis of the Switching Function During Coasting
and Multiharmonic Functions

Equations for the costates and/or the SF during coasting have been
derived in many coordinate systems in other works [1–3,12].
Appendices B and C contain equations for the costates and the SF in
terms of the MEOE and EL coordinate systems, respectively, as
derived in [12]. Appendix B also shows quantities necessary for
calculation of thederivativeof theSFwith respect to true longitude, as
doesAppendixCfor thederivativewith respect toeccentric longitude.
Verifications of the results in the Appendices are discussed in [12].

As a first step in this analysis, note that, where � is a strictly
positive integer, the greatest possible number of zeros over any length
2� interval (GPNZ2PI) for sin �x and cos �x (including both
endpoints) is 2�� 1. It may also be noted that, if f�x� is a strictly
increasing (or strictly decreasing) function of x, f�x� sin �x and
f�x� cos �x have the same zeros as sin �x and cos �x, respectively,
and an additional one where f�x� � 0 if this location does not
correspond to a zero of the periodic part. Now, for the EL coordinate
system, the GPNZ2PI for the primer vector and SF (which is
composed of terms and products of quantities of the forms sin x,
cos x, x sin x, and x cos x) may be calculated by combining quantities
while applying the rules (considering that constants contribute no
zeros) [3]: 1) the GPNZ2PI of a sum is the largest GPNZ2PI of the
individual terms, and 2) the GPNZ2PI of a product is calculated by
summing theGPNZ2PI of the two factors and then subtracting one (if
the GPNZ2PI of both terms is nonzero).

In calculating the GPNZ2PI of the primer vector and SF, note that,
in the EL system, the oscillatory quantity

b� 1 � f cosF � g sinF� 1 � e cosE (31)

appears in the denominator of several terms. However, because b is
both finite and strictly positive for the captured orbits (where 0 �
e < 1 such that 0< b < 2) considered in this paper, division by this
term will have no effect on the number of zeros of the primer vector
or SF.

Now, as explained in Appendix C, in the EL coordinate system,
during coasting, it is convenient to write

� T
FMF � �TF;oNF (32)

where �F;o is the vector of initial costates, and the elements ofNF are
given inAppendix C. Thus, the coast arc primer vector can bewritten
as a linear combination of the elements ofNF, which are themselves

formed by linear combinations of the quantities X1, Y1, _X1, _Y1,
@X1=@f, @X1=@g, @Y1=@f, @Y1=@g, QX;0, and QY;0 (which are also
given in Appendix C). The GPNZ2PI of these quantities and the
resulting GPNZ2PI for the nonzero elements of NF are shown in
Table 1. With these results, and following the procedure outlined

earlier, the GPNZ2PI of the coast arc primer vector is five, and thus
the GPNZ2PI of the SF is nine (note that taking the square root is
assumed to not change the GPNZ2PI in this case). With the proof in
the preceding section that the value of the SF is independent of the
coordinate system chosen, it is concluded that there will be no more
than nine zeros over any interval of the SF of length 2�, regardless of
the coordinate system chosen.

In [3], based on the conclusion that there would be a maximum of
17 zeros in each interval of length 2�, it was concluded to sample
values of the SF at 17 uniformly distributed values of true anomaly
(i.e., every �=8 rad) over one orbit starting at the beginning of the
coast. For the now concluded GPNZ2PI of nine, one might likewise
choose to sample the SF at intervals of length �=4 rad. Apparently,
the choice of sampling ratewasmade because it was assumed that the
SF would behave something like an ordinary sinusoid, and it was
unfortunately concluded that the SF between each of the sampled
locations “is monotonic and includes amaximum of one zero.” (Note
that this would imply that any local maxima or minima would be
among the sampled points.) It was then concluded that finding
bounds containing only the coast-terminating zerowould simply be a
matter of finding the first change in sign of the SF as the sampled
points were evaluated from left to right. Such a bounds determination
method will hereafter be referred to as fixed-step-value-only
sampling (1-FSVOS).

Now, whereas behavior similar to an ordinary sinusoid might
occur in some cases, this will not always be the case because of the
various harmonics extant in the SF, the combined effects of which
canmake the behaviormore complicated.As a demonstration of such
a case, consider the function f0�x� � 2 sin x� �1��� sin 2x over
the range �0; 2��. This function is shown in Fig. 1 for�� 0, 0.2, 0.4.
Its derivative is f00�x� � 2 cos x� 2�1��� cos 2x. Because the
largest frequency of f0�x� is two, it will have no more than five zeros
over the specified range, three ofwhichwill always be located at zero,
�, and 2� rad. Note that f00�0� � f00�2�� � 4� 2� and f00����
2�, so that, if�< �2 or�> 0, the slope at these three locationswill
have the same sign, indicating that there are two more zeros, one of
each of which will be located on either side of the zero at � rad, with
the particular locations depending on �. Using a double-angle
formula and letting x� �� �x, these other two zeros are found to be
located at x� �� �x rad, where �x� cos�1�1=�1����. Also in
Fig. 1, �x is plotted vs�, from which it can be seen that the nonfixed
zeros can be located arbitrarily close to x� � rad as � approaches
zero from above. Consider the case where the zero at x� � � �x is
seen as a coast-initiating zero, and the zero at � rad is seen as the
corresponding CTZ. For a fixed-step-size sampling scheme, regard-
less of how small of a step size chosen, therewill always be a value of
� such that 2�x (the distance to what might be considered the next
coast-initiating zero) is smaller, which would result in the correct
CTZnot being detected. Thus, withmultiple harmonics in a function,
the behavior can becomemore complicated and result in sets of zeros
being arbitrarily close to each other, making them difficult (if not
impossible) to detect by sampling methods which use a fixed step
size.

To further examine possible behaviors of multiharmonic functions
and the challenge of accurately determining the CTZ, providing
context for discussion of a possible method of solution, consider the
simple oscillatory function

f1�x� � cos x � cos 1 sin 2x� sin 1 cos 2x (33)

Note that two different frequencies will be manifest in this function
because the first term has a frequency of one and the other two terms
have a frequency of two. Thus, the GPNZ2PI for f1�x� is five.

Table 1 GPNZ2PI for quantities in the EL coast

arc primer vector and SF

GPNZ2PI Quantities

3 X1, Y1, _X1, _Y1, N
F
11, N

F
12, N

F
23, N

F
33, N

F
43, N

F
53, N

F
63

5 @X1=@f, @X1=@g, @Y1=@f, @Y1=@g, QX;0, QY;0, N
F
21,

NF31, N
F
61, N

F
22, N

F
32, N

F
62
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Figure 2 shows this function over �0; 3��. If the zero located at
approximately x� 0:85 rad is seen as the coast-initiating zero, for a
1-FSVOS scheme with a corresponding step size of �=2 (5=period),
the function would be sampled at the locations indicated by the
darker vertical lines (from left to right) before a change in sign would
be detected. The resulting bounds provided to a ZFA would be the
sampled locations on either side of the zero at approximately 5 rad
instead of those containing the CTZ of approximately x� 2:6 rad
(as well as an additional zero at approximately x� 3 rad).

Although a higher sampling rate might solve this problem in some
cases, it has already been seen in the case of f0�x� that this will, in
general, not always be the case. Another option, which would solve
the problem for f1�x� (but not for f0�x�), is to also check the value of
the derivative at each of the sampled locations. If the slope of the
function changes from positive to negative from one sampling point
to the next, a point between these two points where the slope is equal
to zero represents a maximum value of the function in that range.
Such a point could be found and, if the value of the function at this
point were positive, it would represent an upper bound for the ZFA,
whereas the preceding point would represent a lower bound. In the
case of f1�x�, this would not only lead to the detection of the sign
change in the function, but also reduce the bounds for the zero search
such that they would contain only the CTZ, and not the additional
zero. This more robust scheme will be referred to as fixed-step value
and slope sampling (2-FSVSS). Although this method may also fail
in cases such as f0�x�, where a short coast is followed by a short burn
signal and then another coast, this represents an improvement over 1-
FSVOS, which can fail in the case of a relatively long coast followed
by a short burn signal and another coast, which in practice includes
many optimal trajectories having both near impulsive burns as well
as relatively short continuous burns.

Optimal Trajectory Examples

Example trajectories will now be considered which will employ
and compare the results from 1-FSVOS and 2-FSVSS for the process
of determining CTZs for the SF. For the optimal trajectory examples
that follow, the solutions were obtained using MATLAB with a
shooting method that employed the fmincon function to iterate on
the initial values and ensure that the final constraints were satisfied.
For burn arcs, the differential equations for the MEOE system as

outlined in [6] were numerically integrated. Over coast arcs, 1-
FSVOS and 2-FSVSS were used (with any failures to concur being
noted) with sampling intervals of �=8 and �=6 rad for the MEOE
system and at �=6 and �=4 rad for the EL system. Note that the
elapsed time at the sampled values of the longitudes was calculated
fromKepler’s equation and, if it was greater than the remaining time,
the angular position at the final time was iteratively calculated by
using the Laguerre–Conway algorithm [9,13]. (Note that this can
help reduce the chance of not detecting a zero because it effectively
reduces the step size of the last step.‡)

The first example will be considered a minimum-propellant
transfer from the circularized orbit of Earth to the circularized orbit
of Mars (similar to the Bryson and Ho [10] problem) where the time
of flight is fixed at 1 year. The problem is posed in canonical units
and the orbit parameters are listed in Table 2. In canonical units, the
initial mass of the spacecraft is one, and 2� time units are equal to
1 year such that the gravitational parameter is unity. For the interpre-
tation where the initial mass of the spacecraft is equal to 4536 kg,
the thrust is approximately 3.781 N and the mass flow rate is ap-
proximately 6:772 
 10�5 kg=s. Figure 3 shows the optimal trajec-
tory in this case. For this trajectory, about 9.54% of the initial mass
is required as fuel.

Now, for the two coordinate systems used and the sampling
intervals used in each, Table 3 indicates whether or not the CTZ was
detected by 1-FSVOS for this trajectory. For thisfirst example, the SF
is plotted against eccentric longitude in Fig. 3. In the figure, sampled
values of the SF at intervals of �=6 rad are indicated by dots. From
this, it can be seen that no samples occurred in the region where the
final burn is signaled, as is indicated in Table 3. Thus, for the EL
system and for 1-FSVOS at this rate, the zero at the beginning of the
final burn would not have been detected and the algorithmwould not
have been able to converge to the optimal solution. This was also the
case with the larger intervals for both coordinate systems. However,
for the cases listed in Table 3, the zero was detected when 2-FSVSS
was used.

Now, consider the case of the 1 year transfer as before exceptwith a
targeted final eccentricity equal to the eccentricity of the actual orbit
of Mars, ef � 0:0934. The propellant mass required for this transfer

-1.5
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-0.5
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0.5

1

1.5
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0 1 2 3 4 5 6 7 8 9

x

f1(
x)

Fig. 2 Plot of f1�x�. Dashed lines are located where sampling will take place.

Fig. 1 Plots of f0�x� for �� 0, 0.2, 0.4 (left), and �x� cos�1�1=�1���� (right).

‡If this was done in [3], it may have contributed to the detection of the
appropriate zeros in the examples considered therein.
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was about 9.40%of the spacecraft’s initial mass. The optimal transfer
is roughly the same as before and is seen in Fig. 4. Figure 4 also
shows the SF for this transfer plotted vs the true longitude, with dots
indicating the sampling locations when a �=8 rad sampling interval
was used. It may be noted that this is the sampling interval espoused
in [3], and, as explained earlier, the coordinate system is equivalent
to that used in the same work as well. As seen in the figure and as
indicated in Table 3, if 1-FSVOS is used, the zero at the beginning of
the final burn would not have been identified, thus preventing the

attainment of the optimal solution. However, as in the previous case,
when 2-FSVSS is used, the correct zero was detected for all of the
cases given in Table 3.

In concluding these examples, it should be noted that, whereas
1-FSVOSwould have failed in themajority of these cases, evenwhen

Table 3 Results of sampling intervals used for examples

Zero detected by value
sampling alone?

Coordinate
system

Sampling interval,
rad

Circular final
orbit

Eccentric final
orbit

MEOE �=8 Yes No
�=6 No No

EL �=6 No Yes
�=4 No Yes

Table 2 Orbit parameters for the coplanar

orbit transfer shown in Fig. 3

a, AU e i � ! �

Initial 1 0 0 0 0 0
Target 1.5237 0 0 0 0 Free

Fig. 3 Plots of trajectory (left) and accompanying SF vs eccentric longitude for transfer fromEarth orbit to circularMars orbit with a sampling interval

of �=6 indicated (right).

Fig. 4 Plots of trajectory (left) and corresponding SF vs true longitude for transfer fromEarth orbit to eccentricMars orbit with a sampling interval of

�=8 indicated (right).
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larger sampling intervals were used, convergence to the optimal
solution was attained when 2-FSVSS was used.

Now, although 2-FSVSS was successfully used to produce the
preceding examples and shows improvement over 1-FSVOS, as indi-
cated in this paper, it may fail in cases where a short coast is followed
by a short burn signal and then another coast. It was seen that
analogous cases could exist for fo�x�, where the fixed size sampling
interval may not always work as it did in the optimal trajectories
considered. Although it is conceivable that such cases (and perhaps
other malignant ones) may be encountered during the optimization
process, it seems that the majority of optimal trajectories in practice
will be more benign, as in the ones considered herein. (Further, note
that an indication of a long thrust arc after any coast arc, such as is
often the case for manymodern low-thrust trajectories, will reduce or
even eliminate the chance of the preceding CTZ being undetected by
eithermethod.) In any case, given the shortcomings offixed-step-size
sampling, a better option may be to use an adjustable step size
(although thiswas not attempted in thiswork). If this is done [perhaps
using a method that checks the slope (and possibly higher-order
derivatives) to help determine an appropriate step size], the deri-
vations in the Appendices will be valuable.

Conclusions

An in-depth analysis of the switching function has been performed
to gain a better understanding of its behavior, especially during coast
arcs. Equations were derived to show that the primer vector and the
switching function are independent of the coordinate system used,
thus making conclusions in this work applicable in many coordinate
systems. Exact equations for the costates during coasting were
derived and used to form analytical expressions for the switching
function in two coordinate systems. Additionally, as made useful by
the method proposed, derivatives of the switching function were
derived in both of the coordinate systems. The equations for the
primer vector and the switching function in terms of the eccentric
longitude system were analyzed to show that the number of zeros in
any interval of length 2� of the switching function is no greater than
nine, which is less than the previously published maximum of 17.
Some possible behaviors of functions manifesting multiple fre-
quencies were considered and the results were used to propose a
more robust method for sampling the switching function during
coasting. This method involves checking the slope of the switching
function at the sampled points andfinding amaximumvalue between
points when the slope of the switching function changes from
positive to negative from one sampled point to the next. Examples
were given of cases where the new sampling algorithm enabled
trajectories to be optimized, whereas a previously proposed algo-
rithm would have failed.

Appendix A: Transformation Matrices

Noting that the eccentric longitude system is only valid for
elliptical orbits (e < 1), the orbit size elements of the modified
equinoctial orbit elements and EL systems are related by Eqs.
(1–3) as

p� a�1 � f2 � g2� (A1)

which can be rewritten as

a� p=�1 � f2 � g2� (A2)

Also, using Eqs. (2), (3), (6), and (7) in Eq. (8), the true longitude can
be written in terms of EL variables and the eccentric longitude in
terms of MEOE variables, respectively, as

L� 2tan�1
� ������������������������������

1�
����������������
f2 � g2

p
1 �

����������������
f2 � g2

p
vuut tan

�
F � tan�1�g=f�

2

��

� tan�1�g=f� (A3)

F� 2tan�1
� ������������������������������

1 �
����������������
f2 � g2

p
1�

����������������
f2 � g2

p
vuut tan

�
L � tan�1�g=f�

2

��

� tan�1�g=f� (A4)

Noting the preceding relationships between the variables of the
two coordinate systems, from Eq. (21), transformation matrices
between the MEOE and EL systems are

R LF �

@p
@a

@p
@f

@p
@g

0 0 0

0 1 0 0 0 0

0 0 1 0 0 0

0 0 0 1 0 0

0 0 0 0 1 0

0 @L
@f

@L
@g

0 0 @L
@F

2
6666664

3
7777775

(A5)

R FL �

@a
@p

@a
@f

@a
@g

0 0 0

0 1 0 0 0 0

0 0 1 0 0 0

0 0 0 1 0 0

0 0 0 0 1 0

0 @F
@f

@F
@g

0 0 @F
@L

2
6666664

3
7777775

(A6)

From Eq. (A1),

@p

@a
� 1 � f2 � g2; @p

@f
��2af; @p

@g
��2ag (A7)

From Eq. (A2),

@a

@p
� 1=�1 � f2 � g2�; @a

@f
� 2fa

@a

@p
;

@a

@g
� 2ga

@a

@p

(A8)

To simplify the derivation of the partial derivatives of Eq. (A3),
define

L1 � 2tan�1
� ������������

1� e
1 � e

r
tan

�
F � L2

2

��
(A9)

where L2 is defined as

L2 � tan�1
�
g

f

�
(A10)

so that L� L1 � L2. Also define

L3 �

������������������������������
1�

����������������
f2 � g2

p
1 �

����������������
f2 � g2

p
vuut �

������������
1� e
1 � e

r
(A11)

and

L4 � tan

�
F � tan�1�g=f�

2

�
� tan

�
F � L2

2

�
(A12)

such that L1 � 2tan�1�L3L4�. Thus,

@L

@y
� @L1

@y
� @L2

@y
(A13)

where y� f, g, F. Now,

@L1

@y
� 2

1

1� �L3L4�2
�
L3

@L4

@y
� @L3

@y
L4

�
(A14)
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@L2

@f
� �g
f2 � g2 ;

@L2

@g
� f

f2 � g2 ;
@L2

@F
� 0 (A15)

where e ≠ 0, and also

@L3

@f
� 1

�1 � e�2L3

f

e
;

@L3

@g
� 1

�1 � e�2L3

g

e
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@F
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(A16)

@L4

@f
�� 1� L2

4

2

@L2

@f
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@L4

@g
�� 1� L2

4

2
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@g

@L4

@F
� 1� L2

4

2

(A17)

It can be shown that

lim
e!0

@L

@f
� sinF; lim

e!0

@L

@g
�� cosF;

@L

@F

����
e�0
�1 (A18)

and so the right-hand side of these expressions may be used in place
of Eq. (A13) when e� 0, so that the elements of the transformation
matrix are defined at this point.

Likewise, in finding the partial derivatives of Eq. (A4), define

F1 � 2tan�1
� ������������

1 � e
1� e

r
tan

�
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2

��
(A19)

where

F2 � tan�1�g=f� � L2 (A20)

so F� F1 � F2. Also, define
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and

F4 � tan

�
L � tan�1�g=f�

2

�
� tan

�
L � F2

2

�
(A22)

such that F1 � 2tan�1�F3F4�. Therefore,

@F

@z
� @F1

@z
� @F2

@z
(A23)

where z� f, g, L. Similar to Eqs. (A14) and (A15),
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where e ≠ 0 as before, and also
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However, similar to Eq. (A18), it can be shown that

lim
e!0

@F

@f
�� sinL; lim

e!0

@F

@g
� cosL;

@F

@L

����
e�0
�1 (A28)

As noted earlier, the right-hand sides of these expressions can be
used in place of Eq. (A23) when e� 0, so that the transformation
matrix is defined at this point. It should be noted that this result and
that in Eq. (A18) are corrections of the associated conference paper
(noted at the beginning of this paper) as well as the thesis [12],
where, due to the first two expressions in both of Eqs. (A15) and
(A25), it had been assumed that Eqs. (A13) and (A23) were inde-
terminate when e� 0.

A final note of interest is that the equations relating the costates in
one coordinate system to the costates in the other coordinate system
can be derived from properties of a canonical transformation, as was
done by Kechichian [8].

Appendix B: Modified Equinoctial
Orbit Elements System Equations

Prime (0) notation will be used extensively in Appendices B
and C and denotes differentiation with respect to the relevant fast
variable, and so in this Appendix it implies differentiation with
respect to the true longitude L. Also, because the equations con-
sidered in this and the next Appendix are relevant to Keplarian
motion, differentiation will only be with respect to the applicable
fast variable. The derivations that lead to the equations in both
this and the next appendix can be seen in greater detail in [12].

For the MEOE coordinate system, the matrices ML and DL �
� 0 0 0 0 0 DL

L �T are given in [6], and the nonzero elements
are rewritten here as
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�

p3

r
w2 (B1)

where w� 1� f cosL� g sinL and s2 � 1� h2 � k2 as in [6].
For notational convenience, the derivative of w with respect to true
longitude is denoted w0 � �f sinL� g cosL.

During coast arcs, the equations for the MEOE costates are

(defining j 	
�������������
1 � e2
p
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(B2)

where
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�p � E�
w0j

w

�f ��3fE�
j

w2
��cosL � 2f�ww0 � �g� sinL��j2 �w2��

�g ��3gE�
j

w2
��sinL � 2g�ww0 � �f� cosL��j2 � w2��

(B3)

and the subscript o denotes the initial value of the particular quantity.
Noting from Eq. (13) that the mass costate is constant during
coasting, the equation for the SF during coasting is easily formed
from Eq. (16) using the costates and the matrixML as given earlier.

For the proposed method of checking the slope at each sampled
point, the derivatives with respect to true longitude of the SF are now
calculated. From Eq. (19), it can be seen that, to calculate the
derivative of the SF, the derivative of the negative of the primer vector
is needed. The chain rule gives

��TLML�0 � ��0L�TML � �TLM0L (B4)

where the derivatives of the costates with respect to the true
longitude are
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However, in practice these derivatives of the costates do not need
to be calculated, since, as shown in [12],

��0L�TML �
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w3 0

�
(B6)

All that remains to be calculated to compute the derivative of the
primer vector are the derivatives with respect to true longitude of
the nonzero elements of ML, which are
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Appendix C: Eccentric Longitude System Equations

As with Appendix B, derivations of the results in this Appendix
are found in [12]. In this Appendix, prime notation will denote
differentiation with respect to eccentric longitude F. Now, from [8],
and as given in [12], DF � � 0 0 0 0 0 DF

F � where DF
F �

n=b with the definition b 	 1 � f cosF � g sinF and where n�

�����������
�=a3

p
is the mean motion. Because they are also useful, first and

second derivatives of b with respect to eccentric longitude are
given here as b0 � f sinF � g cosF and b00 � f cosF�
g sinF� 1 � b. Using DF and Eq. (12), the EL costates during
coasting are derived as
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bo
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b

bo
(C1)

where, as in Appendix B, the subscript o indicates the initial value
of the quantity.

As in Appendix B, for the proposed method of checking the slope
at each sampled point, the derivatives with respect to eccentric longi-
tude are now calculated. The derivatives of the EL coasting costates
with respect to F are
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And, for the sake of writing the dynamic equations during burn arcs,
the nonzero elements ofMF are
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where 	� 1=�1� j� with j�
�������������
1 � e2
p

and s2 � 1� h2 � k2 as
defined in Appendix B, and, although somewhat different notation is
used in [8], from that work, and as shown in [12],
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For the purpose of determining derivatives of the SF during
coasting, rather than using derivatives of the coasting costates and
MF and its derivatives, it turns out to be more convenient to write

� T
FMF � �TF;oNF (C5)

where �F;o is the vector of initial costate values in the EL system.
Thus, derivatives are easily calculated from

��TFMF��i� � �TF;oN
�i�
F (C6)

where the superscript (i) indicates the ith derivativewith respect toF

for any order of derivative. All but two nonzero elements of N�i�F are
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First derivatives of Eq. (C4) with respect to eccentric longitude are

X01� a�� sinF� g	�1� b��; Y 01� a�cosF� f	�1� b��

_X01� _X2 �
b0

b
_X1; _Y01� _Y2 �

b0

b
_Y1�

@X1

@f

�0
� a

�
fg	3

1� 	 �1� b� �
cosF

b
�2 sinF� g	�

� b
0 sinF

b2
�sinF� g	�

�
�
@X1

@g

�0
� a

��
	� g

2	3

1� 	

�
�1� b�� cos2F

b

�
�
sinF

b
� b

0 cosF

b2

�
�g	� sinF�

�
�
@Y1
@g

�0
��

�
@X1

@f

�0
� a

�
1� 	
b2

�
b0

�
@Y1
@f

�0
�
�
@X1

@g

�0
� a

��
2	��f

2� g2�	3

1� 	

�
�1� b� � 	

b
�	j

2

b2

�

(C8)

with the definitions

_X 2 	 �
an

b
�g	b0 � cosF�

and

_Y 2 	
an

b
�f	b0 � sinF�

The other two nonzero elements of NF are

NF61 �
1

bona
2
�QX;0 � 2X1�; NF62 �

1

bona
2
�QY;0 � 2Y1� (C9)

with i� 0 in the definitions

QX;i 	 �3�F � Fo � b0 � b0o� � j	b0o�
_X�i�1
n

� j�f	 � cosFo�
�
@X1

@f

��i�
� j�g	 � sinFo�

�
@X1

@g

��i�

QY;i 	 �3�F � Fo � b0 � b0o� � j	b0o�
_Y�i�1
n

� j�f	 � cosFo�
�
@Y1
@f

��i�
� j�g	 � sinFo�

�
@Y1
@g

��i�
(C10)

For the analysis in this paper, it should be noted that the quantity

F � b0 � E� !�� � e sinE� nt� !��

is the mean longitude, which is continually increasing during
coasting. Derivatives of the quantities in Eqs. (C10) are

Q0X;i �QX;i�1 � 3b
_X�i�1
n
; Q0Y;i �QY;i�1 � 3b

_Y�i�1
n

(C11)

Thus, the derivatives of QX;0 and QY;0 are

Q0X;0 �QX;1 � 3b
_X1

n
�QX;1 � 3X01;

Q0Y;0 �QY;1 � 3b
_Y1

n
�QY;1 � 3Y 01

(C12)

Finally,

NF061 �
1

bona
2
�QX;1 � X01�; NF062 �

1

bona
2
�QY;1 � Y 01� (C13)
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